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INTRODUCTION
It is known that there exists for every integer n2 an irreducible polyno-
mial 8n(X, Y ) [8, p. 54], called a modular equation. Classically, H. J. S.
Smith computed them for n=2, 3 (in 1878, 1879), Berwick [2] for n=5.
Herrmann [5] published results up to n=7, and Kaltofen and Yui [7]
calculated them for n=11. Yui [11] gave an algorithm to compute the
explicit form of 8p when p is prime. Recently, Ito [6] gave another simple
algorithm to compute the coefficients of 8p .
Let An be the maximum value of the absolute values of the coefficients
of 8n . It is known that as n increases, An soon becomes extremely large.
In [9, 10], Mahler was the first to investigate upper bounds which may be
summarized as
An2(36k+57) 2
k
if n=2k,
Anecn
32
for some c>0.
In [3], Cohen showed that for large n,
log Ant6(n) log n,
where (n) is the degree of 8n as a polynomial of X.
In 1973, Drinfeld introduced the notion of elliptic modules, which are
now known as Drinfeld modules. After that the analogies between number
fields and function fields have many interesting new aspects.
In [1], Bae studied the Drinfeld modular equation 8n following the
method in [8]. In this paper, we will show that An is not bounded as |n|
goes to infinity and will give an upper bound depending on n in the
Drinfeld setting. The bound given here is relatively big compared with the
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classical case, partly because the coefficients of the Carlitz polynomial are
big. We will also give an algorithm to compute the coefficients of 8p in our
setting.
1. PRELIMINARIES
Let K be the rational function field Fq(T ) over the finite field Fq and A=
Fq[T]. Let K be the completion of K at =(1T ) and C the completion
of the algebraic closure of K . On K, we consider the degree valua-
tion deg : K  Z _ [&], x [ deg x associated with the infinite place 
of K. The corresponding absolute value | | is normalized by |T |=q. An
extension of | | to C is fixed throughout. Define a valuation on C by
v(x)=logq |x|.
For z # 0=C&K , we let [z, 1]=Az+A be the rank 2 A-lattice in C.
Then it induces a Drinfeld module ,z of rank 2 determined by
,zT =TX+g(z) X
q+2(z) X q2.
The j-invariant j(z) of ,z is defined to be g(z)q+12(z). Let L=? A be the
rank 1 A-latice in C associated to the Carlitz module,
\T =TX+X q.
Define
e=e(z)=: ? z ‘
* # A \1&
z
*+
t=t(z)=: e&1
s=s(z)=: tq&1.
It is well known that j(z) has an s-expansion of the form
j(z)= :

i=0
:i si&1, :0=&1; :i # A.
We keep the above expression for j(z) throughout the paper. By a modular
function, we mean a meromorphic function on 0 invariant under
1=GL2(A) and having s-expansion at infinity. Following the method of
[8, p. 54], we have
Theorem 1.1. Let f be a modular function which is holomorphic on 0
with an s-expansion f = cisi. Then f is a polynomial in j(z) with coef-
ficients in the module generated by ci over A.
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Define the a th inverse cyclotomic polynomial fa(X) # A[X] for a # A, by
fa(X )=\a(X&1) X |a|.
Then we have
t(az)=t |a|fa(t).
Define [i]=T qi&T and Li=[1][2] } } } [i] for i=1, 2, ... . Then we have
Theorem 1.2. [4]. The t-expansions of g(z) and 2(z) are given by
? 1&qg(z)=[1] {[1]&1& :a : monic t(az)
q&1=
=1&[1]s&[1]qq2&q+1+[1]qq2&[1]([1]+:) sq2+1
+higher terms
? 1&q22(z)=[2] {&L&12 & :a : monic (t(az)
q2&1&[1]&1 t(az)q2&q)=
+[1]q {[1]&1& :a : monic t(az)
q&1=
q+1
=&s+sq&[1] sq+1&sq2&q+1+sq2&([1]&[1]q+:) sq2+1
+higher terms,
where :=1 if q=2 and :=0 otherwise.
Let n be a monic polynomial in A. Let
Sn={\a0
b
d+ # GL2(A) | a, d : monic, (a, b, d )=1, ad=n, deg b<deg d= .
Define (n) to be the number of elements in Sn . Then we have
Theorem 1.3. [1]. (i) There exists an irreducible polynomial
8n(X, Y ) # A[X, Y] satisfying
8n(X, Y )=8n(Y, X ),
8n(X, j(z))= ‘
# # Sn
(X& j(#z)).
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(ii) (n)=|n| >p | n, prime (1+1| p| ).
Let An be the maximum of the absolute values of the coefficients in
8n(X, Y ). Define Bn=logq An . We are going to show that Bn is not
bounded, as |n| goes to infinity, and so estimate its bound which is
dependent on n.
2. THE BEHAVIOR OF Bn FOR LARGE |n|
Let p be a monic prime element in A. Let \p=deg pi=0 ;iX
qi. Then
Lemma 2.1. >deg a<deg p (X+e((z+a)p)))=e+deg pi=0 ;iX
qi.
Proof.
‘
deg a<deg p \X+e \
z+a
p ++= ‘deg a<deg p \X+e \
z
p++e \
a
p++
=\p \X+e \zp++
=\p(X)+\p \e \zp++
=\p(X)+e.
Corollary 2.2. Any elementary symmetric polynomial of [t((z+a)p) |
deg a<deg p] is of the form bt for some b # A.
Proof. If f {> t((z+a)p) is a symmetric polynomial of [t((z+a)p)],
then it is of the form h> e((z+a)p)=ht, for some symmetric polynomial
h of [e((z+a)p)], h{> e((z+a)p).
Corollary 2.3. deg a<deg p e((z+a)p)q&1 equals 0 if deg p2 and it
equals ;0=p if deg p=1.
Proof. Applying the Newton formulas [4, p. 674] to the equation in
Lemma 2.1, we have
:
deg a<deg p
e \z+ap +
k
=0 for k<qdeg p&1(q&1).
Hence, the corollary follows if deg p2. If deg p=1, we apply Newton’s
formulas one more time to get the result.
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Proposition 2.4. deg a<deg p j((z+a)p) has a holomorphic t-expansion
of the form i=0 ci t
i, ci # A.
Proof. Let j(z)=i=0 :is
i&1 be the s-expansion of the j-invariant.
Then
:
deg a<deg p
j \z+ap +
=:0 :
deg a<deg p
e \z+ap +
q&1
+ :

i=2 \:i :deg a<deg p t \
z+a
p +
(q&1)(i&1)
+ .
Applying the Newton formulas to Corollary 2.2, deg a<deg p t((z+
a)p)(q&1)(i&1) lies in A[t] for i2 and there are only finitely many i such
that t& appears for fixed &. Then by Corollary 2.3, our proposition follows.
Proposition 2.5. Let ;=;deg p&1. Then v(;)=qdeg p&1 and # # Sp j(#z)
has an s-expansion of the form &s&qdeg p+;s&qdeg p&1(q&1)+higher terms.
Proof. It is well known that v(;i)=(deg p&i)qi:
j( pz)=&s( pz)&1+ :

i=1
:is( pz) i&1
=&\ fp(t)t |p| +
q&1
+ :

i=1
:i \ t
|p|
fp(t)+
(q&1)(i&1)
=&s&qdeg p+;s&qdeg p&1(q&1)+higher terms.
Then by Proposition 2.4, Proposition 2.5 follows.
Following the algorithm of the proof of Theorem 1.1, we have, by
Proposition 2.5,
:
# # Sp
j(#z)= j(z)qdeg p+;j(z)qdeg p&1(q&1)+ f ( j(z)),
where f ( j(z)) is a polynomial of j(z) with degree less than qdeg p&1(q&1).
It follows that
Bpqdeg p&1.
Theorem 2.6. For any real number r>0, we can find n such that Bn>r.
89THE DRINFELD MODULAR EQUATION
File: 641J 216306 . By:DS . Date:12:08:01 . Time:02:40 LOP8M. V8.0. Page 01:01
Codes: 2021 Signs: 801 . Length: 45 pic 0 pts, 190 mm
3. AN UPPER BOUND FOR Bn
If f has a meromorphic t-expansion f = ai ti, define | f | i =|ai |. Then it
is easy to see that
| fa(t)| i q |a|q for 0i|a|&1.
Suppose a is monic. Then we can write
fa(t)=1+ :
deg a&1
j=0
ajt |a|&q
j
with |aj |q |a|q.
Since 1fa(t)=1+k=1 (&
deg a&1
j=0 ajt
|a|&q j)k, it follows that
} 1fa(t) } i maxi( |a|&1)ki|a| (1&1q) (q |a| kq)qi(q&1) ,
for a{1, i1. The above inequality holds for i=0, and also for a=1.
Then we have
|t(az)| i = } t
|a|
fa(t) } i q(i&|a| )(q&1) for i|a|.
Write t(az)=i=|a| bit
i with |bi |q(i&|a| )(q&1). Then for i|a| (q&1), we
have
|t(az)q&1| i  max
i1+ } } } +iq&1=i
( |bi1 } } } biq&1 | )q
(1(q&1))(i&(q&1) |a| ).
It follows that
} :a : monic t(az)
q&1 } i  max|a| i(q&1) (q1(q&1)((i&(q&1) |a| )))qi(q&1) for i1.
(1)
Similarly, we get
} :a : monic t(az)
q2&q } i qi(q&1) for i1,
} :a : monic t(az)
q2&1 } i qi(q&1) for i1.
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It follows that
} :a : monic (t(az)
q2&1&[1]&1 t(az)q2&q) } imax(qi(q&1), qi(q&1)&q)
qi(q&1). (2)
Since |[1]&1|q0(q&1), by (1) we get
}\[1]&1& :a : monic t(az)
q&1+
q+1
} i
 max
i1+ } } } +iq+1=i
(q(1(q&1))(i1+ } } } +iq+1))=qi(q&1). (3)
By (1), (2), (3), and Theorem 1.2, we have
|? 1&qg(z)| i =qi(q&1)+q,
|? 1&q22(z)| i =max(qi(q&1)+q
2
, qi(q&1)+q2)=qi(q&1)+q2
for i1. Write
g =? 1&qg(z)= :

i=0
#i si,
2 =? 1&q22(z)= :

i=0
$isi+1.
Then we have
|#i |qi+q,
|$i |q(i+1)+q
2
.
Then it is easy to see that |#i |<qqi for iq. By Theorem 1.2, this holds for
i<q. Thus |#i |qqi for i0. Similarly, we have that |$i |qqi for i0.
Since $0= &1, it is easy to see that 12 has an s-expansion of the form
i=0 cis
i&1 with |ci |qqi. If g q+1=i=0 dis
i, then
|di | max
i1+ } } } +iq+1=i
( |#i1 } } } #iq+1 | )q
qi.
Since j(z)=g q+12 , we have
|:i | max
i1+i2=i
( |ci1 di2 | )q
qi.
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Lemma 3.1. For a positive integer k, write j(z)k=i=0 ai (k) s
i&k with
a0(k)=\1. Then |ai (k)|qqi.
Proof.
|ai (k)| max
i1+ } } } +ik=i
( |:i1 } } } :ik | )q
qi.
Proposition 3.2. Let f be a modular function which is holomorphic on 0
with s-expansion f =&N ais
i. Then we can write f =Ni=0 bi j(z)
i with
|bi |qqN } maxi0( |ai | ).
Proof. Choose bi so that the s-expansion of f &Ni=0 bi j(z)
i is O(s).
By Theorem 1.1, f =Ni=0 bi j(z)
i. Put a0(0)=1 and let ai (k) be as in
Lemma 3.1. Then we have
B \
b0
b1
b
bN+=\
a0
a&1
b
a&N+ ,
where
a0(0) a1(1) a2(2) } } } aN(N)
0 a0(1) a1(2) } } } aN&1(N )
B=\ 0 0 a0(2) } } } aN&2(N )+ .} } }
0 0 0 } } } a0(N )
By Lemma 3.1 and induction on k, it is easy to see that
|bN&k |qq
k
} max( |a&N | , |a&(N&1) | , ..., |a&(N&k) | ),
and this completes the proof.
Proposition 3.3. Let f be a modular function whose t and t(zn)-expan-
sions are given by
f = :
N
i=0
ai t&i+O(t)
= :
N |n|
i=0
bi t \zn+
&i
+O \t \zn++ .
Then a0=b0 and |ai |q( |n|q&deg n)(N(N+1)2) } max1jN ( |bj | ) for i=
1, ..., N.
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Proof. Write fn(X )k=k( |n|&1)i=0 bi (k) X
i, for a positive integer k. Define
bi (k)=0 if i<0. Since |bi (1)|q |n|q, it is easy to see that |bi (k)|q |n| kq.
Since t=t(zn) |n|fn(t(zn)), we have
:
N
i=0
ai \ fn(t(zn))t(zn) |n| +
i
= :
N |n|
i=0
bit \zn+
&i
.
Comparing the coefficients of t(zn)-expansions up to i=N, it follows that
a0=b0 and
\
b1
b2
b
bN+=B \
a1
a2
b
aN+ ,
where
b |n|&1(1) 0 0 } } } 0
b |n|&2(1) b2 |n|&2(2) 0 } } } 0
B=\ b |n|&3(1) b2 |n|&3(2) b3 |n|&3(3) } } } 0 + .} } }b |n|&N(1) b2 |n|&N(2) b3 |n|&N(3) } } } bN |n|&N(N )
Since det B=n1+2+ } } } +N=nN(N+1)2, the absolute value of each entry of
B&1 is bounded by
q( |n|q)(1+2+ } } } +N )
|n|N(N+1)2
=\q
|n|q
|n| +
N(N+1)2
.
This proves the proposition.
Lemma 3.4. If b, d # A satisfy deg b<deg d, then |e(bd )|q1(q&1).
Proof.
} e \bd+}= }
? b
d } ‘: # A&[0] }\1&
b
:d+}
= }? bd }=|? | qdeg b&deg d|? | q&1.
It is well known that
? q&1= &[1] ‘
i1 \1&
[i]
[i+1]+
q&1
.
It follows that |? |q&1=qq and this completes the proof.
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Proposition 3.5. If ( a0
b
d) # Sn , then j((az+b)d ) has a t(zn)-expansion
of the form
t \zn+
&|a|2 (q&1)
\ :

&=0
a& t \zn+
&
+ with |a& |qq&(q&1)+|a|2.
Proof. By [1], we have
t \az+bd += :

i=0
(&1) i e \bd+
i
\ t(zn)
|a|2
fa2(t(zn))+
i+1
.
Since we want to estimate the absolute values of the coefficients of t(zn)-
expansions, throughout the proof we define | f | i =|di | if f has a t(zn)-
expansion of the form,  dj t(zn) j. Since |(1fa2(t(zn))) i+1| &q&(q&1) for
any nonnegative integer i, we have, by Lemma 3.4,
} e \bd+
i
\ t(zn)
|a|2
fa(t(zn))+
i+1
} &q(i+&&|a|
2 (i+1))(q&1),
for &|a| 2 (i+1). It follows that
} t \az+bq +} & max(i+1)&|a|2 (q(i+&&|a|
2 (i+1))(q&1))
q(&&|a|2)(q&1),
for &|a| 2. Then it is easy to see that for fixed i1, we have
} t \az+bd +
(q&1) i
} &q&(q&1)&i |a|
2
,
for &|a| 2 (q&1) i. Then we have for &|a| 2 (q&1),
} :

i=0
ai (1) t \az+bd +
(q&1) i
} & max1i&( |a|2 (q&1)) \} ai (1) t \
az+b
d +
(q&1) i
} &+
 max
1i&( |a|2 (q&1))
qqi+&(q&1)&i |a|2
{q
q+&(q&1)&|a|2
qq&(q&1)
if a{1
if a=1,
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where ai (k) is defined as in Lemma 3.1. On the other hand,
s&1 \az+bd +=\t \
a2z
n +
&1
+e \bd++
q&1
=t \zn+
&|a|2 (q&1)
\fa2 \t \zn+++e \
b
d+ t \
z
n+
|a|2
+
q&1
,
with
}\fa2 \t \zn+++e \
b
d+ t \
z
n+
|a|2
+
q&1
} i[max(q |a|
2q, q1(q&1))]q&1q |a|2.
Since
j \az+bd +=s&1 \
az+b
d + :

i=0
ai (1) t \az+bd +
(q&1) i
,
we have
|a& |{max(q
q+&(q&1), q |a|2)
qq&(q&1)+1
if a{1
if a=1;
hence our proposition follows.
Let .(n) be the number of elements in (A(n))*. Define
%(n)= :
# # Sn
|a| 2, with #=\a0
b
d+ .
Then we have
Lemma 3.6. %(n)=|n| (n).
Proof. For given d, a=nd is determined. Let e=(a, d). Then there are
( |d ||e| ) .(e) possible values for b, so
(n)= :
d | n
|d |
|e|
.(e),
%(n)= :
d | n
|a| 2 |d |
|e|
.(e)=|n| :
d | n
|a|
|e|
.(e)=|n| (n).
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Let h be any elementary symmetric function of [ j b # | # # Sn]. By
Proposition 3.5 and Lemma 3.6, h has a t(zn)-expansion of the form
:

i=&N
cit \zn+
i
with N|n| (q&1) (n).
Definbe Ch=maxi0(v(ci)). By Proposition 3.5 and Lemma 3.6, we have
Ch
q
q&1
(|n| (q&1) (n))+|n| (n)=(q+1) |n| (n).
By Proposition 3.3, h has a t-expansion of the form i=&M dit
i satisfying
M(q&1) (n) and
v(di)\ |n|q &deg n+
(q&1) (n)((q&1) (n)+1)
2
+(q+1) |n| (n)
for i0. Finally, define L=M(q&1). Then h can be written as
h= :
L
i=0
li j(z) i with L(n).
Applying Proposition 3.2, we get
Theorem 3.7. An upper bound for Bn is given by
Bnq(n)+\ |n|q &deg n+
(q&1) (n)((q&1) (n)+1)
2
+(q+1) |n| (n).
Corollary 3.8. Bn(q2) |n| (n)2, unless q=2 and deg n=1.
Remark. The above corollary also holds for q=2 and deg n=1.
Bn=12 (see Example 4.7) in this case, whereas (q2) |n| (n)2=18.
4. EXPLICIT FORM OF THE MODULAR EQUATION 8p(X, Y )
Let p be a monic prime element in A. Write
8p(X, Y )=X | p|+1+Y | p|+1+ :
| p|
+=0
:
| p|
&=0
a+, &X +Y &.
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Since 8p(X, Y )=8p(Y, X ), a+, &=a&, + . It follows that
8p(X, Y )=X | p|+1+Y | p|+1+ :
| p|
+=0
:
+
&=0
a+, & X +Y &+ :
| p|
+=1
:
+&1
&=0
a+, &X &Y +.
The purpose of this section is to give a new algorithm to compute a+, & for
0+, &| p|. In Section 2, we gave an algorithm to get a+, & when +=| p|
(e.g., a | p| , | p|=&1, a | p| , &=0 for | p| (1&1q)<&<| p|, a | p| , | p| (1&1q)=
&;deg p&1 (Section 2), ... .) Define
W=W( p)=: [(+, &) | 0+| p|, 0&+],
It suffices to calculate a+, & for (+, &) # W. Define an order on W by
(+, &)<(+$, &$) iff +<+$, or +=+$, &<&$.
Define
V=V( p)=: [(k, l ) | 0k| p|, kl| p|].
Similarly we can define an order on V. Then the number of elements in W
is the same as the number of elements in V. We denote it by N( p) or
simply by N. Then N=(| p|+1)( | p|+2)2. It is easy to prove the following
two lemmas.
Lemma 4.1. (i) (k, l ) # V iff ( | p|&k, | p|&l ) # W.
(ii) (k, l )<(k$, l $) iff ( | p|&k, | p|&l )>( | p|&k$, | p|&l $).
In particular, as (k, l ) runs through all the elements in V with order preserving,
( | p|&k, | p|&l ) runs through all the elements in W, in reverse order.
Lemma 4.2. Suppose (+, &), (+$, &$) # W. Then (+, &)<(+$, &$) iff
+ | p|+&<+$ | p|+&$.
Proposition 4.3. Let i=k | p|+l, with (k, l ) # V. Define
Ei=E(k, l )=E=: [(+, &) # W | i&| p| 2&| p|++ | p|+&0].
Then
E=[(+, &) # W | (+, &)( | p|&k, | p|&l )].
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Proof. By Lemma 4.1, ( | p|&k, | p|&l ) # W. It follows that
i&| p| 2&| p|++ | p|+&0 iff + | p|+&| p| ( | p|&k)+( | p|&l )
iff (+, &)(| p|&k, | p|&l ) by Lemma 4.2.
Proposition 4.4. Let i and E be as in Proposition 4.3. Then
D=: [(+, &) # W | 0& <+| p|, i&| p| 2&| p|+& | p|++0]
is a subset of E.
Proof. This is clear from the definitions.
Let ai (k) be as in Lemma 3.1, that is, j(z)k=s&k i=0 ai (k) s
i. We
denote ai (1) by ai for simplicity. Since the powers of X in fp(X) are
divisible by q&1, define
gp(X )= fp(X1(q&1))&1 # A[X].
Then
s( pz)=t( pz)q&1=\ t
| p|
fp(t)+
q&1
=
s | p|
(1+gp(s))q&1
=s | p|(1+gp(s)) :

j=0
(&gp(s)q) j.
Thus the s-expansion of j ( pz)k is given by
j( pz)k=_s&| p|(1+gp(s))q&1 :i=0 ai {s
| p|(1+gp(s)) :
j=0
(&gp(s)q) j=
i
&
k
=: s&k | p| :
i=0
bi (k) si.
It follows that
8p( j( pz), j(z))=s&(| p|+1) | p| :

i=0
bi ( | p|+1) si+s&(| p| +1) :

i=0
ai ( | p|+1) si
+ :
| p|
+=0
:
+
&=0
a+, & \s&+ | p|&& :

i=0
ci (&, +) si+
+ :
| p|
+=1
:
+&1
&=0
a+, & \s&& | p|&+ :

i=0
ci (+, &) si+ ,
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where ci (+, &) is defined by ik=0 ak(+) bi&k(&). In particular, we define
ci (+, 0)=ai (+), ci (0, &)=bi (&), c0(0, 0)=1, and ci (+, &)=0 if i<0.
Since 8p( j( pz), j(z)) is identically zero, the coefficients of s&(| p|+1) | p|+i
in the s-expansion of 8p( j( pz), j(z)) are zero for all i=0, 1, 2, ... . It follows
that
bi ( | p|+1)+ai&| p|2+1( | p|+1)+ :
| p|
+=0
:
+
&=0
a+, &ci&| p|2&| p|++ | p|+&(&, +)
+ :
| p|
+=1
:
+&1
&=0
a+, &ci&| p|2&| p|+& | p|++(+, &)=0 (V)
for all i=0, 1, ..., where ai ( | p|+1) is defined to be zero if i<0. Define two
N_1 matrices
a | p| , | p| b0( | p|+1)+a&| p|2+1( | p|+1)
b b
X=\ a+, & + , B=&\bk | p|+l ( | p|+1)+ak | p|+l&| p|2+1( | p|+1)+ ,b ba0, 0 b | p|2+| p|( | p|+1)+a | p|+1( | p|+1)
where (+, &) runs through all the elements in W in reverse order and (k, l )
all the elements in V with order preserving. Putting i=0, ..., k | p|+l, ...,
| p| 2+| p| to the equation (V), where (k, l ) runs through all the elements
in V, we get an N_N matrix M satisfying MX=B. Let M=(mi, j) and
B=(bi). Suppose the j th row of X is a+, & and the ith element in V (if we
count the number with order preserving) is (k, l ). Then we have
mi, j=ck | p|+l&| p|2&| p|++ | p|+&(&, +)
+ck | p|+l&| p|2&| p|+& | p|++(+, &) if +{&,
mi, j=ck | p|+l&| p|2&| p|++ | p|+&(&, +) if +=&.
By Lemma 4.1 and Proposition 4.3 and 4.4, M is a lower triangular matrix.
In particular, each diagonal element in M is of the form c0(+, &) because
the diagonal element in M satisfies (+, &)=( | p|&k, | p|&l ) (see Proposi-
tion 4.3), and this (+, &) is not an element of D (see Proposition 4.4). It is
easy to see that c0(+, &)=\1, because a0(+)=\1 and b0(&)=\1. Thus
we get recursively,
a | p| , | p|=
b1
m1, 1
, a | p| , | p|&1=
b2&m2, 1a | p| , | p|
m2, 2
, ... .
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Remark 4.5. We need ai (+), bi (+), and ci (+, &) up to i=| p| 2+| p|,
for 0+, &| p|, ai ( | p|+1) up to i=| p|+1, and bi ( | p|+1) up to
i=| p| 2+| p|. We use MATHEMATICA to get them.
Example 4.6. Let K=F3(T ), p=T. Then
8T (X, Y )=X 4+Y 4+ :
3
+=0
:
3
&=0
a+, &X +Y & with a+, &=a&, + .
We have N=10 and the matrix M is given by
1 0 0 0 0 0 0 0 0 0
0 &1 0 0 0 0 0 0 0 0
0 T&T 3 1 0 0 0 0 0 0 0
&T 9 m4, 2 T&T 3 &1 0 0 0 0 0 0
0 m5, 2 1 0 1 0 0 0 0 0 ,
0 m6, 2 m6,3 0 T 3 &1 0 0 0 0
m7, 1 m7, 2 m7, 3 T 3 m7, 5 m7, 6 1 0 0 0
0 m8, 2 T 2+T 10 0 m8,5 m8, 6 0 1 0 0
m9, 1 m9, 2 m9, 3 m9, 4 m9, 5 m9, 6 m9, 7 &T 3 &1 0
m10, 1 m10, 2 m10, 3 m10, 4m10, 5m10, 6m10, 7m10, 8m10, 91
where m4, 2=&T 2&T 4&T 6, m5, 2=&T&T 3&T 9, m6, 2=T 4&T 6+T 10&
T 12, m6, 3=&T+T 3&T 9, m7, 1=1+T 12, m7, 2=T&T 3&T 5&T 7&T 11&
T 13 &T 15, m7, 3 = &1+T 2 +T 4 +T 6 &T 10 +T 12, m7, 5 = &1&T 4 +T 6,
m7, 6=T+T 3, m8, 2=T 3&T 5+T 19&T 21, m8 , 5=&T 2+T 6+T 12, m8, 6=
T 3+T 9, m9, 1=&T 3&T 9&T 15&T 27, m9, 2=&1+T 2&T 4&T 10&T 12&
T 20&T 22&T 24, m9, 3= &T&T 11+T 15, m9, 4=&1&T 6, m9, 5=T+T 3&
T 7+T 9&T 13+T 15, m9, 6=&T 4+T 6&T 10&T 12, m9, 7=&T&T 3, m10, 1=
1+T 6+T 12+T 18+T 38, m10, 2= &T&T 3+T 5+T 7&T 11&T 13&T 15+
T 23+T 25+T 27, m10, 3=&1&T 4+T 6+T 10&T 12+T 14, m10, 4=T 3&T 9,
m10, 5 = &1 & T 2 + T 6 & T 22 + T 24, m10, 6 = &T & T 3 + T 9 & T 13 + T 15,
m10, 7=1&T 2&T 4&T 6, m10, 8=1+T 2+T 4+T 6+T 12, m10, 9=T&T 3.
Since the transpose of B is given by
(&1T&T 2&T&T 3&T 4T 5&1+T 4+T 6&T 8&1&T 7b10),
where b10 = 1 + T 2 & T 6 + T 10 & T 12, we get a3, 3 =&1, a3, 2 =&T,
a3, 1=&T 4, a3, 0=T&T 3&T 7+T 9, a2, 2=&T 2&T 4&T 10, a2, 1=T 5&T 7&
T 11+T 13, a2, 0=0, a1 1=&1&T 6&T 8&T 10&T 12&T 14&T 16&T 20&T 22,
a1, 0=T 3&T 9&T 21+T 27, a0, 0=T 4&T 6+T 10&T 12+T 16&T 18&T 22+
T 24&T 28+T 320&T 34+T 36.
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Example 4.7. Let K=F2(T ), deg p=1. Then
8p(X, Y )=X 3+Y 3+ :
2
+=0
:
2
&=0
a+, &X +Y & with a+, &=a&, + .
If p=T, then a2, 2 =1, a2, 1 =T, a2, 0 =T+T 2+T 3+T 4, a1, 1 =1+T 2 +
T 3+T 5, a1, 0=T 2+T 4+T 6+T 8, a0, 0=T 3+T 4+T 11+T 12. If p=T+1,
then a2, 2=1, a2, 1=1+T, a2, 0=T 3+T 4, a1, 1=T 3+T 4+T 5, a1, 0=T 6+T 8,
a0, 0=T 9+T 10+T 11+T 12.
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